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ABSTRACT

In certain situations there is a need for a binary sequence with
extremely long period (to be measured in years, say) with equi-distribution
of zero and ones (and for pairs, triples, etc. insofar as possible) and having
an additional property which may be called giant-stepping. We shall describe
one procedure for handling this problem; our approach is based on the
assumption that it is neither feasible nor desirable to set up way stations

(whether pre-programmed or not) along the way.
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An Approach to Giant-Stepping

In certain situations there is a need for a binary sequence with
extremely long period (to be measured in years, say) with equi-distribution
of zero and ones (and for pairs, triples, etc. insofar as possible) and having
an additional property which may be called giant-stepping. By this term we
have the following in mind. Suppose that we have two identical machines
which begin to turn out our sequence in a synchronous fashion at time
to—and that at some later time one of them breaks down for an indefinite
period. When this machine is repaired, one wants to return quickly to
synchronous production of the sequence—that is, a giant-step is required in
order to catch up with the sequence as produced by the functioning machine.
There are other ways of formulating the giant-stepping requirement, but
they are all equivalent. The important thing is that the catching up process
should be a matter of a few minutes, no matter how long the breakdown
period (days, weeks, or even months).

We shall describe one procedure for handling this problem; our
approach is based on the assumption that it is neither feasible nor desirable
to set up way stations (whether pre-programmed or not) along the way.

Before giving proofs of the assertions on which our solution depends,
it is useful to make some remarks about notation and terminology. If m

and n are positive integers then (m,n) denotes the greatest common



divisor of m and n; this is the unique positive integer which divides both
m and n and is divisible by every other common divisor of m and n. The
least common multiple of m and n will be denoted by [m, n]. Suppose that

a and n are positive integers then by the order of a mod n is meant the

smallest integer t such that at = 1 {(mod n); if s is such that a® =1 {mod n)
then t|s.
Now consider an infinite binary sequence A = (al, CPTRR ). We say

that A has n =1 as a period when
a. = a, T [

There is a unique smallest period of A—called the period of A—it is the
greatest common divisor of all the periods of A. If B = (bl’bZ"") is
another infinite binary sequence, then by A + B we mean the binary sequence
whose i& term is a; B bi for all i =1,2,... . We shall also need some of
the standard facts about maximal length shift register sequences; proofs of
them are rather plentiful in the literature—see, for example, [3] or [4].
With these preliminaries out of the way, let us turn to the facts upon which
our technique is based.

Fact 1. Let np,n, be positive integers; then
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Since for any positive integer s we have

2 = == Mo 2272 $s St 1

d el e
it follows that 2~ — 1 (which is > 1) divides both 2 — 1 and 2 — 1—~so
n, n,
2 = le2 T =2 # 1.
n n

Conversely, suppose that (nl,nz) = f., Ifi (2 LI i <2 = I =adi> il

then let p be a prime (which must be odd) that divides d. Thus,
n

n
pl(2 1—l),p’(Z 2—l) and we may write

n, n,
2 = (mod p) 2 = 1 (mod p)

Let n be the order (see [2]) of 2(mod p)—that is, n is the order of 2 in the
multiplicative group of the field with p elements. Of course, n> 1. The

congruences imply that n|nl and n|n2; hence, n’(nl,nz) = 1, a contradic-

tion. This completes the proof.

(1)
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Fact 2. Let Al = (al ra,

,...) be a sequence of period my, and let

_ o, (2) (2) ; ‘ .

A2 = (al . a2 ,...) be a sequence of period mz, then [n1l,m2] 1S 2

period of A1 + AZ' Furthermore, if (ml, mz) = 1 then the period of

Al + A2 is [ml,mz] = m;m,

[m).m,]
Proof. By hypothesis, we know that for kl S~ and all i, we have
1
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(m), m,]

In the same way, for k, = ————— and all i, we have
2 m,

L@ _ @ _ @

i 1+m2 1+k2m2

Since klml = kzm2 it follows that for all i

(1) (2) _ (1) (2)
B w5 "ai+[ml,mz]+ai+[ml,m2]

which says that [ml, mz] is a period of Al + AZ'

is not the period of Al + AZ’ and let c¢ denote

the period—so c| [ml, md], & ;é [ml, mz]. Then there exists a positive

Suppose that [ml, mz]

integer m with the properties:

[m_,m,]
1’2 .
.mz], —————— =p, p prime

c|m, m![m =

1

In particular, m is a period of Al + AZ' T (ml, mz) = 1 then exactly one

of m,, m, divides m-—let it be m,. Then, Al and Al + A2 both have

= A.,. This contradicts

m as a period; hence so does Al + (Al + AZ) 2

mz/m, so that m. m

1772

Fact 3. In one period of a maximal length shift register sequence arising

is the period, and the proof is complete.

from a primitive polynomial of degree n, every k-tuple (for each

k = 1,...,n) occurs equally often—namely, 2 times —except for the all

; -k .
zero k-tuple which occurs Zn —1 times.



Proof. Let A = (a be the sequence in question. Since it is a

1730 )
linear recursive sequence arising from a primitive polynomial of degree n,

its period is m = o . e =a. for1=1,2,... . Now, fixk. We
1+tm 1

must examine the k-tuples

(aj,a ) ji=1l,...,m

JHLT k-]

and count the number of times that an arbitrary k-tuple of zeros and ones
appears. We recall that, because A is a maximal length shift register
sequence, the n-tuples

A(j) T |

; J.+1,...,aLJ.+r1_1) j=1,...,m

are all distinct and ;‘ (0,...,0). In other words, if Vn denotes the set of all
n-tuples of zeros and ones, and V'rl denotes Vn with the all zero

n-tuple excluded, then

Thus we are concerned with the k-tuples consisting of the first k

coordinates of the elements of V'n. It follows immediately that any non-zero

k-tuple occurs Zn_k times, and that the zero k-tuple occurs Zn-k -1
times. This completes the proof.
Faet 4. Let ng<mn, <...o<n be positive integers that are relatively

prime in pairs, and let A ,..., Ar denote maximal length shift register

=



sequences of periods m, = 2 "—1,1=1,...,r. Then in one period of the

iy 2
sequence A = 2 Ai (whose period is ﬂ mi) every k-tuple (for each

1 1

ko= s sion nl) occurs equally often—namely

T
H m, + (_l)r+l
1l

o 1= times
2k

except for the all zero k-tuple which occurs ¢ + (—l)r times.

Proof. The case r = 1 has already been done. The proof is by induction

on r, but because the notation becomes extremely cumbersome, we shall
deal only with the case r = 2. This will suffice to indicate how the proof

goes in general.

Fix any k = n and let D = (dl""’ dk) denote an arbitrary
k-tuple #(0,...,0). We must count the number of times D appears in one
period (of length mlmz) of A1 + AZ. First of all, we note that D can be
written in the form D = B + C where B = (bl,...,bk) and G = (Cl""’ ck)
are both # (0,...,0) in exactly Zk — 2 ways; in fact, making a choice of B
determines C. Now the k-tuple B appears exactly Zn N times in a single
period of Alk—denote them by Bl""’ anl—k; and the k-tuple C appears
exactly Zn - times in a single period of Az—denote them by
Cl""’ Cznz-k. Because rn1 and rn2 are relatively prime each sum



B, +G. i=1,.,2 e Binesil
L J
appears exactly once in a period of A1 + AZ' Thus, from a single such
nl-k nz-k
pair B, C we get D in a period of Al + A2 exactly (2 ) (2 ) times —
so that running over all such pairs B, C we see that
nl-k nz-k K
D appears (2 ) (2 ) (27 —2) times
We must also count the appearances of D = B + C where B = (0,...,0),C = D.
n. -k
Here, B appears 2 — 1 times in a period of Al’ while C appears
n_-k
2 ¢ times in a period of A, It follows that from this pair, B, C
n. -k nz-k
D appears (2 —1) (2 )} times

Finally, we may write D =B +C, C = (0,...,0), B =D, and from this pair

D appears (2

These 3 ways provide all appearances of D in a period of

A1 + Az—the number of appearances is then

n.-k n_-k n.-k n_-k n. -k n_-k
B e Y W -niEY —UE% et M2 -
fig Ty, 3 s 3 =L
_ (2 T=1)(2 T"=1) + (1) 152
: Zk Zk



which is the desired result.
It remains to count the appearances of D = (0,...,0) in a period of

At A, By the techniques used above, we see that (0,..., 0) appears

n, -k n_-k n, -k o O
1 k 1 2
2 " g2 % jEr=medz U =l =i
n.+n n n
12 51 2 ok mm, -1 2
- k - k +(_l)
2 2

times. This completes our sketch of the proof.

From all this it follows that a solution to our problem is given by
simply adding mod 2 the outputs of several shift registers associated with
primitive polynomials. Let us illustrate this with a concrete example.
Suppose that the desired sequence is to run at the rate of 106 bits per
second with period on the order of 100 years. The number of bits in 100
years is then approximately

(10%)(60)(60)(24)(365)(100) < 229 2% 2% 2% (2" = 2°°

Consider the primitive polynomials



of degrees n, = 10575 n, = 1795 ny = 21. Let Al' AZ’ A3 denote the maximum

length shift register sequences they determine. Then A=A  + A + A

1 & £)
17 53

has period (27 —1) (219— 1) (221—1) > 277 —that is, greater than 100 years.

Suppose that at any time we wish to enter the sequence A at the ré bit,

L& o2 =y =y =

.

division of r by m, =2 '-1; s0 0 = r, < 131,071 , 0= x, < 524,287 .

1). Let r. i=1, 2, 3 be the remainder upon

0 = ry< 2,097,151. Now, run the ith shift register, starting from its
initial setting, until it reaches the riti bit. This takes on the order of

2 seconds!!! Upon reaching the rit—h bit the shift register stops until all
three are ready to proceed simultaneously from the required place. In
particular, giant-stepping is quite feasible. Of course, the zeros and ones
of our sequence are nicely distributed, and so are blocks of terms of length
upto and including 17. It should also be noted that, in view of our example,
the clock or timing device which serves to keep count of the bits should be
set up in terms of several cyclic devices of periods m, = Zni—l—in other

words, counting is to be done modulo the various m;, rather than in the

scale of 10.
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